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Abstract. We propose a twistor–like formulation of N=1, D=3,4,6 and 10 null super-
strings. The model possesses N=1 target space supersymmetry and n=D–2 local world-
sheet supersymmetry, the latter replaces the κ–symmetry of the conventional approach
to the strings. Adding a Wess–Zumino term to a null superstring action we observe a
string tension generation mechanism [1, 2]: the induced worldsheet metric becomes non–
degenerate and the resulting model turns out to be classically equivalent to the heterotic
string.
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Null strings [3] have attracted certain attention from various points of view [4, 5, 6,
7, 8, 9, 1]. One may consider them as a toy model for studying ordinary strings since the
former, being characterized by the zero tension and degenerate worldsheet metric, take
an intermediate position between the particles and the strings. Actually, the null strings
are closer to the particles than to the strings because they just describe a collection of
particles moving on a null surface [4, 9]. Moreover the null strings do not need any critical
dimension of space–time for living in [6, 7] and the null superstrings [4, 8, 9], in contrast
to the ordinary superstrings, do not require a Wess–Zumino term for getting the fermionic
κ–symmetry, which is necessary to get rid of redundant fermionic degrees of freedom (see
[11] for a review on strings).
From a physical point of view the most interesting fact is an assumption that the null
string may be regarded as a high energy limit of the string [5, 9], thus providing a way
for describing strings beyond the Planck’s scale.
Here, performing a program of “twistorizing everything” [12]– [20], [2] we propose a
twistor–like formulation of N=1, D=3,4,6 and 10 null superstrings. The model possesses
N=1 target space supersymmetry and n=D–2 local worldsheet supersymmetry, the latter
replaces the κ–symmetry of other approaches 1.
We shall see that for the doubly supersymmetric null string action to be super repa-
rametrization invariant one needs only a superfield containing a bosonic “einbein”. This
einbein characterizes the geometry of the bosonic part of the null super worldsheet [4, 7, 9].
So the worldsheet gravitino and O(n) gauge field drop out of the null string action.
The geometry of the null super worldsheet [9, 10] resembles that of a spinning particle
worldline [22] from the one–hand side and the heterotic worldsheet geometry [15, 2] from
the other. The action of the model under consideration turns out to be closely related
to a “geometro–dynamical” part (in terminology of Galperin and Sokatchev [18]) of a
heterotic string twistor–like action [15, 2]. The former arises as a singular solution of
twistor–like heterotic string constraints which corresponds to a degenerate worldsheet
metric and requires the string tension to be zero2.
On the contrary, adding a Wess–Zumino term generating the string tension to the null
superstring action is similar to a tension generation mechanism proposed in [1, 2]. Note
that earlier an alternative way of generating the string tension was considered in [5].
Our starting point is a twistor–like action for a bosonic null string written in a first–
1Earlier various doubly supersymmetric models were considered in [21] irrelevant to the κ–symmetry
problem.
2For N=2, D=3 Green–Schwarz superstring a similar singular solution was considered in [18]. But
since the authors imposed too rigorous gauge fixing they associated the solution with a superparticle and
not a null superstring.
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order formalism:
S =
∫
d2ξpm(V
µ∂µx
m − λ¯γmλ), (1)
where ξµ(µ = 0, 1) parametrize a null surface whose geometry is determined by an “ein-
bein” V µ (see [9] for the details), xm and pm are, respectively, the null string coordinate
and the momentum density in D=3,4,6 or 10 dimensional target space–time (m=0,1,...,D–
1), and λα is a Majorana or Majorana–Weyl commuting spinor (twistor component) de-
pending on the dimension of the target space.
Action (1) is a generalization of the twistor–like particle action [12, 17], and can be
derived from other formulations of the null string [4, 7, 9].
To show that eq. (1) indeed describes a bosonic null string we solve the equations of
motion:
∂µ(V
µpm) = 0,
V µ∂µx
m − λ¯γmλ = 0, (2)
pm(λ¯γ
m)α = 0→ pm = a(ξ)λ¯γmλ, (3)
pm∂µx
m = 0, (4)
where (3) represents the Cartan relation for the lightlike vector in D=3,4,6 and 10. From
eqs. (2)–(4) it follows that
V µ∂µx
m∂νxm = 0. (5)
This means that the induced worldsheet metric Gµν = ∂µx
m∂νxm is degenerate, which
is a peculiar property of the null string.
If we introduce intrinsic degenerate metric gµν on the null string
V µgµν = 0, (6)
eqs. (5) and (6) mean that Gµν and gµν coincide up to a scalar factor. The degeneracy of
the metric implies that there exists a vector Ωµ such that
V µΩµ = 0 and gµν = ΩµΩν . (7)
One may also assume that on the worldsheet there live vectors Vµ and Ω
µ inverse to
V µ and Ωµ, respectively:
V µVµ = 1 = ΩµΩ
µ (8)
We use all these vectors to construct a tension generating term in the action of null
superstring. Note that a priori we do not require these vectors to form a non-degenerate
intrinsic metric on the worldsheet. Now let us show how a tension generating mechanism
works for the simple case of the bosonic null string. Following Refs. [1, 2] we introduce
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an “electromagnetic” field Aµ on a null surface and put it into the action (1) as part of
the following term
S =
∫
d2ξ[pm(V
µ∂µx
m − λ¯γmλ) + φǫµν
(
∂µAν − VµΩν(V
λ∂λx
m)(Ωρ∂ρxm)
)
] (9)
where φ(ξ) is a Lagrange multiplier and ǫ12 = −ǫ21 = 1. Varying (9) with respect to φ
we just find that the strength of Aµ is:
F ≡ ǫµν∂µAν = ǫ
µνVµΩν(V
λ∂λx
m)(Ωρ∂ρxm). (10)
Varying with respect to Aµ gives
∂µφ = 0→ φ = T, (11)
where T is a constant identified with the string tension [1, 2]. Substituting (11) into the
action (9) and skipping the total derivative term we get:
S =
∫
d2ξ[pm(V
µ∂µx
m − λ¯γmλ)− TǫµνVµΩν(V
λ∂λx
m)(Ωρ∂ρxm)] (12)
Observe that eq. (9) acquires additional symmetry found in [15]:
δpm = φǫ
µνVµΩνA(ξ)(V
µ∂µx
m + λ¯γmλ) δΩρ = −A(ξ)V ρ, δV µ = 0. (13)
This symmetry allows one to eliminate pm on the mass shell (2), (3). With this in mined,
from the variation of (12) with respect to V µ (and taking into account (8)) one gets the
second Virasoro condition (the first one follows from (2)):
Ωµ∂µxmΩ
ρ∂ρx
m = 0. (14)
As a result the induced metric Gµν = ∂µx
m∂νxm is not degenerate anymore, and the
null string is transformed into an ordinary bosonic string, with Vµ = e
+
µ ,Ωµ = e
−
µ being
identified with the nondegenerate worldsheet zweibeins. Upon dropping the pm term out
of (12) one restores the conventional bosonic string action.
Let us proceed now with null superstrings. To get an action for a null superstring we ex-
tend the null worldsheet geometry to a geometry on a null super worldsheet parametrized
by ξµ and by n=D–2 odd variables ηa(a = 1, ..., n), and consider pm, x
m, V µ and λα as
components of worldsheet superfields to be introduced below. Note that on the null d=2
surface the spinors are actually scalars, so the letters a, b, c, .. from the beginning of the
Latin alphabet correspond to the local O(n) group indices [9, 10].
In contrast to Ref. [10], where a number of null d=2 superspaces were studied in detail,
our choice of constraints on the super worldsheet vielbeins is unique for all n–extended
supersymmetries and reads as follows
{∇a,∇b} − (E
−1)dc(∇dE
c
{a)∇b} = δab∆ (15)
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where ∇a = Eba∂b + E
µ
a ∂µ, ∆ = E
µ∂µ + E
b∂b, are the supercovariant spinor and vector
derivative, respectively, and Eba, E
b, Eµa , E
µ are the components of the super worldsheet
vielbeins; {...} denotes symmetrization. The second term in the left–hand side of (15)
corresponds to an O(n) connection in the tangent space to the null super worldsheet.
Eq. (15) allows one to express Ea and Eµ in terms of Eba and E
µ
a .
Redefining Eµa as
Eµa ≡ iE
b
aV
µ
b (16)
and using superdiffeomorphisms and local O(n) transformations we can restrict the sym-
metry transformations on the null super worldsheet to supergravity transformations by
choosing a gauge analogous to that used in the case of spinning particles [22]:
Eba = δ
b
aE(ξ, η), (17)
where E(ξ, η) is a superfield containing a gravitino field χi(ξ) and O(n) gauge field A[ij](ξ)
as components. (In the null superspace χi does not carry vector indices [9, 10].
With eqs. (16) and (17) the constraints (15) are reduced to
DaV
µ
b +DbV
µ
a =
2
n
δabV
µ
c , (18)
where
Da = ∂a + iV
µ
a ∂µ, {Da, Db} =
2i
n
δab(DcV
µ
c )∂µ. (19)
The local supersymmetry transformations look as follows
δηa = −
i
2
DaΛ(ξ, η), δξ
µ = Λµ(ξ, η)−
1
2
V µa DaΛ
δV µa = −iDaΛ
µ +
i
2
(DbΛ)(DaV
µ
b ), δDa =
i
2
(DaDbΛ)Db (20)
where Λ(ξ, η) and Λµ(ξ, η) are superfield parameters.
In a Wess–Zumino gauge
Da|η=0 = ∂a (21)
with the use of local symmetry parameters
D[a1Db1]Λ
µ|η=0, ..., D[a1Da2 ...Dan−1]Λ
µ|η=0
one may put all components of V µa to zero except
DaV
µ
a |η=0 = V
µ, (22)
where V µ is the null worldsheet einbein (eq. (1)). Note that V µa is a generalization of an
E+α superfield used in [2] for defining heterotic geometry.
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Now we are ready to write down a doubly supersymmetric generalization of the null
string action (1).3 It looks very much like a twistor–like superparticle action [12, 17]
and/or heterotic string action [15, 2] without a Wess-Zumino part:
SN =
∫
d2ξdnηPam(DaX
m − iDaΘ¯γ
mΘ). (23)
In (23) a bosonic superfield Xm(Xm|η=0 = x
m) and a fermionic superfield Θα(Θα|η=0 =
θα, DaΘ
α|η=0 = λαa ) transform as scalars under the local supersymmetry transformations
(20), and the Lagrange multiplier superfield Pam transforms in such a way that the action
(23) is invariant under the local supersymmetry transformations.
Observe that the superfield (17) dropped out of the action, thus the latter does not con-
tain the gravitino and the O(n) gauge field. It is amusing that space-time supersymmetry
naturally arises as a consequence of the worldsheet supersymmetrization of eq. (1). Thus,
once again worldsheet geometry proves itself to be more fundamental than the target
space one. So eq. (23) is also invariant under the global supersymmetry transformations
in the target space
δΘα = εα, δXm = Θ¯γmε, (24)
and local transformations of the Lagrange multiplier
δPam = (Db + i∂µV
µ
b ) Σ¯abcγ
mDcΘ, (25)
where Σαabc is totally symmetric and traceless with respect to the O(n) indices.
Following the reasoning course performed in detail for superparticles [17] and heterotic
strings [15, 2] one may derive that all higher components of Xm and Θα are expressed in
terms of leading components, and the only component of Pam which survives gauge fixing
(25) and is not equal to zero due to equations of motion
(Da + i∂µV
µ
a ) Pam = 0,
(
PamDaΘ¯γ
m
)
α
= 0 (26)
is the null string momentum density
pm = εaa1...an−1
(
Da1 + i∂µV
µ
a1
)
...
(
Dan−1 + i∂µV
µ
an−1
)
Pam|η=0. (27)
Thus, in the Wess-Zumino gauge (21), (22) the action (23) is reduced to the following
component form:
S =
∫
d2ξpm
(
V µ
(
∂µx
m − i∂µθ¯γ
mθ
)
−
1
n
λ¯aγ
mλa
)
, (28)
3For simplicity we consider flat geometry in the target superspace, though the generalization to the
case of a supergravity background is straightforward
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where λαa are subject to the constraint [17]
λ¯aγ
mλb =
1
n
δabλ¯cγ
mλc. (29)
Then eliminating the λ–term by use of eq. (3), integrating over pm and rescaling V
µ
we get a form of the null superstring which one may find, for example, in Refs. [9]:
S =
∫
d2ξV µV ν
(
∂µx
m − i∂µθ¯γ
mθ
) (
∂νx
m − i∂ν θ¯γ
mθ
)
. (30)
The action (30) is invariant under κ–symmetry transformations [5, 9]:
δκθ
α = iV µ
(
∂µx
m − i∂µθ¯γ
mθ
)
γαmβκ
β , δκx
m = iθ¯γmδκθ,
δκV
µ = 2V µV ν∂ν θ¯κ. (31)
Using the twistor condition V µ
(
∂µx
m − i∂µθ¯γmθ
)
= 1
n
λ¯aγ
mλa we may replace the
parameter κβ by a parameter DaΛ|η=0 ≡ ǫa = λ¯aκ so that, in particular,
δθα = ǫaλ
α
a ; δx
m = i(θ¯γmλa)ǫa. (32)
In eqs. (32) one may recognize the on-shell n = D−2 local supersymmetry transformations
(20) of the θα and xm components, which allow one to eliminate half of the fermionic
degrees of freedom of the null superstring. Thus, n = D−2 extended local supersymmetry
of the null super worldsheet takes upon itself the role of the κ–symmetry, and is in fact
more fundamental than the latter. This opens the possibility of solving the problems
connected with the infinite irreducibility of the κ–symmetry constraints.
We have already mentioned above that the null superstring action (23) may be ob-
tained from the twistor-like heterotic string action [15, 2] by taking an appropriate zero
tension limit which results in vanishing of the heterotic string Wess–Zumino term.
Let us now perform an inverse procedure by adding to eq. (23) a Wess–Zumino term
generalizing that of the bosonic model (9) in such a way that the heterotic string action
is restored. This is achieved by the string tension generating mechanism of Refs. [1, 2].
The Wess–Zumino part of the action is written as follows:
SWZ =
∫
d2ξdnηPMN (∂MAN +BMN − FMN ) , (33)
where M,N stand for d = 2 bosonic (µ, ν, ...) and O(n) (a,b,...) fermionic indices of the
worldsheet; PMN = (−1)MN+1PNM is a Lagrange multiplier; AM is a supersymmetric
generalization of the ”electromagnetic” field Aµ in (7);
BMN = i∂MX
m∂N Θ¯γmΘ+ (−1)
MN+1i∂NX
m∂MΘ¯γmΘ (34)
7
defines the pull-back onto the super worldsheet of the Wess–Zumino two-form B = dXm∧
dΘ¯γmΘ, which is the same as that of the heterotic string [2], and which, in general, can
be introduced in the case of a null superstring as well; and
FMN =
(
VMΩN + (−1)
MN+1VNΩM
)
DaΘ¯γmDaΘ
L
(
∂LX
m − i∂LΘ¯γmΘ
)
(35)
is introduced in such a way that, with taking into account the twistor condition DaX
m−
iDaΘ¯γmΘ = 0, its corollaries and the constraint (18), dB = dF on the mass shell [2].
In (35) superfields VM, ΩM and Ω
M generalize the bosonic vectors (8). In particular,
Vµ(DaV
µ
a ) = 1, Ωµ(DaV
µ
a ) = 0, Va = −iV
µ
a Vµ, Ωa = −iV
µ
a Ωµ.
As in the bosonic case above one may convince oneself that the induced worldsheet
metric is not degenerate anymore, VM and ΩM may be identified with the elements E
+
M
and E−M of the superzweibein matrix on the worldsheet, and the action (23) plus (33)
turns out to be completely the same as the heterotic string action of Ref. [2]. The string
tension T arises as an integration constant of the equation of motion:
∂MP
MN = 0,
from which, by gauge fixing the local transformations δPMN = ∂LΞ
LMN (where ΞLMN is
a graded antisymmetric parameter), one may find that the only nontrivial component of
PMN is pµν = εµνTηn (see [2] for the details).
In conclusion we have constructed the doubly supersymmetric model for N = 1,
D = 3, 4, 6 and 10 null superstrings which elucidates from somewhat different point of
view the meaning of the both ingredients of the twistor-like heterotic string formulation
[15, 2]: the twistor-like null superstring action corresponds to the “geometro-dynamical”
part of the twistor-like heterotic string action, while introducing an ”electromagnetic”
superfield propagating in the null super worldsheet and taking into account the Wess–
Zumino term a´ la Townsend and Galperin et. al. leads to the string tension generation
and results in the model which is proved to be classically equivalent to the heterotic string.
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